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INTRODUCTION
The external magnetic field can suppress or enhance the heat transfer of nanofluid flowing through a micro-channel by adjusting its orientation and magnitude. CFD simulate flow conditions that are not reproducible during experimental tests that are too large, remote, or small. Considering the difficulties of experimental techniques to determine extremely low permeability, the lattice Boltzmann method is easier to implement, computationally efficient over conventional computational fluid dynamics (CFD) and more capable for the simulation of micro, slip and transition regimes, and large complex flows and interactions between different phases, based on its intrinsically mesoscopic kinetic nature. Expensive computation and complex mathematical procedure of molecular dynamics and direct simulation Monte Carlo, as well as the inability of Navier-Stokes for simulation of flow in transition and free molecular regimes, have encouraged the use of lattice Boltzmann methods (LBM) [1] . It is a finite difference method, and the Navier-Stokes equations can be recovered with a proper choice of the collision operator.
The information theory with measures to quantify information contents is based on the notion of causal states as stochastic spatio-temporal patterns capturing the dynamics of a local neighbourhood and applicable to structured time-dependent spatial data. Causal states that feature unusual behaviour over time intervals can then be quantified. When flows become more complex, 2D hydrodynamic modelling provides a better indication of extents and characteristics. 3D models are difficult to create and more difficult to read. 2D model distributes the fluid more effectively throughout the area and has the ability to allow for variance within the XY plane of elevation and material roughness. When it is anticipated that there will be a significant interaction between flow paths or breakout from channels, a 2D hydrodynamic model will provide a more comprehensive indication of characteristics throughout the study area.
Magnetorheological fluid film bearings are evaluated for an SAE-10 W lubricant with controllable properties and magnetic particles aligned into chains, capable of excitement as Magnetorheological fluid, in which a magnetostatic field affects the apparent viscosity [2] . Thermal conductivity enhancement and thermomagnetic convection in devices using magnetic nanofluids are capable of controlling its flow and heat transfer process via an external magnetic field [3] . The noncovalent surface coating of CNT's with magnetite nanoparticles composite based magnetorheological fluid possesses an increased sedimentation stability, larger saturation critical stresses, and faster response to time-varying magnetic fields better than ferrofluids and conventional magnetorheological fluids do [4] . The heat transfer of a heat pipe filled with a ferrofluid, stabilized by citrate ions, was enhanced by about 13 % [5] . The heat transfer in the electrorheological fluids considering the microconvection transport is numerically solved on a flat layer, and it is concluded that the internal rotations of elementary particles intensify heat transfer [6] . The increase in particle volume fraction and magnetic field strength may increase the thermal conductivity of the magnetorheological fluid, a smart material with the capability of changing reversibly from liquid to near solid state under the presence of external magnetic fields [7] . Nano-sized magnetic particle-based Ferro Fluid is a magnetic colloidal suspension of two different nano-sized magnetic particles, dispersed in a carrier liquid; it has improved shear thinning, elevated dynamic moduli and thermo-rheological complexity due to a long chain-like structure under the influence of an applied magnetic field [8] .
The lattice Boltzmann method [9] originated from Ludwig Boltzmann's kinetic theory of gases. Gases/fluids can be imagined as consisting of a large number of small particles with random motions, and the exchange of momentum and energy is achieved through particle streaming and billiard-like particle collision. The number of particles is reduced and confined to the nodes of a lattice in LBM. For a 2D model, known as the D2Q9, a particle is restricted to stream in nine possible directions, including one staying at rest; these velocities are referred to as the microscopic velocities. For each particle on the lattice, a discrete probability distribution function is associated, which describes the probability of streaming in one specific direction. The macroscopic fluid density is defined as the summation of microscopic particle distribution functions and the macroscopic velocity is an average of microscopic velocities, weighted by the distribution functions.
There is no report of magneto-hydro-dynamics (MHD) mixed convective heat transfer of nanofluids in a vertical microtube, except a theoretical study of fully developed convective heat transfer of nanofluid under a uniform magnetic field using a modified Buongiorno's model [10] . Studies on the convective heat transfer of nanofluids in microducts are limited.
The heat transfer of non-Newtonian nanofluids in a microtube rises with an increase in volume fraction but decreases with an increase in diameter [11] . Theoretical and experimental convective heat transfer analysis of stable magnetic nanofluids in a microtube under an external magnetic field [12] for velocity, temperature, pressure, pressure drop, and flow drag is reported. The well-known differences of microflows from macroscopic ones are slip velocity and temperature jump on the solid-fluid boundaries. For liquid microflows, a slip flow regime can be observed [13] and hence, Navier-Stokes and particle based methods including LBM can be applied. Convective heat transfer characteristics of microscale flows for optimum design of thermal systems operating at low Re are reported [14] . Compressibility is the dominant factor in high-speed microtube flows, and the rarefaction effect is important for low speed flows in microtubes with relatively low Mach number and high Knudsen number [15] .
Use of an internal energy distribution function gives stable results [16] as it considers pressure work and viscous heat dissipation [17] and thus the most stable thermal LBM method. Raisi et al. [18] simulated Cu-water nanofluid in a microchannel for both slip and no-slip conditions, ignoring temperature jump effects and applying the classic Navier-Stokes equations. Theoretical results of fluid flow in slip flow regimes or nanofluid flow simulation using LBM in a single or multi-phase mixture model has been reported [19] . Few studies of nanofluid simulation in microchannels using LBM [20] and [21] have ignored slip velocity and temperature jump effects, except in [1] . An accurate understanding of convection heat transfer of nanofluids in a microtube in the slip flow regime and the effect of temperature jump is not yet available in the literature.
Particular attention was given to the effects of temperature jump and slip velocity with different solid volume fractions of nanofluid in the slip flow regime using LBM. We have investigated the effects of migration of nanoparticles and its effect on the thermal characteristics of the system. We have also analysed the effects of governing parameters such as Ra, nanoparticles volume fraction, Ha, and external magnetic field strength. 2D model of fluid flow used in this study can be used for qualitative post processing including particle tracing and animations.
PROBLEM AND NUMERICAL DETAILS
We have used a steel microtube (thickness 50 µm, length 10 mm and internal diameter 100 µm) as shown in Fig. 1 to study numerically, using the double population LBM-BGK (Bhatnagar-GrossKrook) model. The BGK model is one of the most popular lattice Boltzmann methods for simulating the convection heat transfer. In this, hydrodynamic and thermal parameters of fluid flow are estimated using density momentum (f) and internal energy density (g) distribution functions. A computer simulation has been developed and written using MATLAB software. Most of the existing LBM-BGK models can be viewed as compressible schemes to simulate incompressible fluid flows. The compressible effect might lead to some undesirable errors in numerical simulations. In this paper, an LBM-BGK model without compressible effect is designed for simulating incompressible flows. The incompressible Navier-Stokes equations are recovered from this incompressible model. The results agree well with the analytic solutions and the results of previous studies. Let u and T be the velocity and temperature profiles at the inlet. The wall temperature is set to T w = 2 Ti with the wall surfaces subjected to a uniform heat flux of 5000 W/m². As the length of the microtube is long enough, we will obtain fully developed hydrodynamic and thermal conditions rapidly in the turbulent regime, and Re is small. Since the tube is small, tube wall thickness is comparable to the inner diameter, and the heat conduction in the wall along the axis direction may be important. The ratio of axial conduction to the tube inside convection is less than 0.02 and thus can neglect it. The simulated nanofluid is a dispersion of nanoparticles of Alumina with a mean diameter of 23 nm in pure water. We assume it pt be an incompressible Newtonian fluid with negligible radiation effect and in laminar and turbulent flow regime. The size of nanoparticles in this study is small enough to be considered as a homogenous flow as reported in the corresponding recent works [22] to [24] .
The effect of Re 200 to 4000 with Ra 10 3 to 10 6 under the influence of Ha 0 to 90 are noted. The effects of the nanoparticle volume fraction (φ = 0 % to 2 %) are investigated for forced convection. The slip velocity, temperature jump, and their effects are studied for different values of slip coefficient, B = 0.005 to 0.02 along the axial distance 0.25 to the full length of the duct. Here, τ is the dimensional relaxation time; f i (x, t) is the density distribution function for the particle moving with discrete velocity C i at position x and time t; f i e (x, t) and g i e (x, t) are the local equilibrium distribution functions that have an appropriately prescribed functional dependence on the local hydrodynamic properties. C = (3rT m ) -1/2 (T m is the mean value of temperature). ∆t is the lattice time step which is set to unity, τ f and τ g are the relaxation times for the flow and temperature fields, respectively.
The hydrodynamic and thermal Boltzmann equations are written as follows [25] and [26] .
where u = (u, v) and Ω are the macroscopic velocity vector and collision operator, respectively. We have applied the D2Q9 lattice model (Fig. 2 ) to the present study. Microscopic discretized velocities are:
Fig. 2. D2Q9 lattice
The discrete heat dissipation and equilibrium distribution functions are: 
. .
We have simulated the collision and streaming steps in LBM to overcome difficulty in solving implicit forms as a modified discrete distribution function for density-momentum ( f̃i ),
and that for internal energy ( gĩ ),
The top and bottom boundaries are adiabatic. We have estimated the unknown inlet and outlet thermal distribution functions, satisfying the equilibrium conditions and improving the accuracy using the known inlet temperature profile and non-equilibrium bounce back model, normal to the boundary [27] .
We have an applied specular reflective bounce back model (combination of bounce back and specular boundary condition) to determine the slip velocity in LBM, in this work. For example, for the bottom wall, we have estimated the unknown distribution functions by Eqs. (14) and (15) . The tangential momentum accommodation coefficient is a parameter in determining the degree of the slip and represents the average tangential momentum exchange between the fluid molecules and the solid boundary. This coefficient is primarily dependent on the roughness of the wall surface and its energetic attraction of fluid molecules, and is near unity for most engineering applications [28] . The accommodation coefficient rises as the wall-fluid attraction strength increases [29] . We have chosen the effect of the energy accommodation coefficient in reducing the slip flow as 0.3 corresponding to the temperature values used in this study to maintain the mass flow rate as per [30] . In addition, after fixing the slip coefficient as 0.2 being the bottom plot as per [30] , we have obtained the value of accommodation coefficient r, as the sum of the coefficients is unity.
For the different microtubes with various roughnesses, the curves of thermal performance are close to each other. This indicates that although within the 10-mm length range of microtube, the roughness effect on thermal performance exists as an enhancement in nature, flow resistance also increases and the overall thermal performance does not change much. For the same mass flow rate, an increase in roughness will decrease flow area, leading to increased flow velocity and subsequently reduced heat exchange efficiency [31] . The presence of surface roughness reduces boundary slip for flow in microtubes. The decrease in roughness height or increase in Knudsen number can lead to large wall slip for gas flow in microchannels [32] . The microtubes cannot express the comprehensive effects of roughness and boundary slip on MHD nanofluid flow behaviour and heat transfer characteristics.
At low shear rates, the slip length has desired consistency with the Navier model. At high shear rates, the Navier condition fails and boundary condition will be nonlinear even though the liquid remains Newtonian. This phenomenon is just like the Knudsen number rule for linear slip condition of Navier-Stokes equations in dilute gases.
For the D2Q9 model and the horizontal wall boundary with the flow on its upside as shown in Fig. 2 , we note that the distribution functions at α is 2, 5 and 6 directions, indicating that the flow field from outside the wall are unknown. The distribution functions at α is 1, 3, 4, 7 and 8 are known because they stream from the points in the flow field. In the diffuse scattering boundary condition, the unknown distribution functions can be determined from the known distribution functions. For the wall boundary as shown in Fig. 2 
The dot products of the wall normal vector n and the lattice velocities at α is 1 and 3, are zero. We have also calculated the top wall temperature jump similarly.
In previous works in which the temperature jump of nanofluid was not taken into account, Nu = k nf / k f (∂θ/∂Y) w with θ = (T − Tc)/(Th − Tc). In the present work, the effect of even a small value of temperature jump results in the temperature gradient between the wall and adjacent fluid layer. At this state, Nu approaches asymptotically a constant value along the microtube walls, the outlet Nu at the outlet domain of a microtube.
Calculation of pressure is:
For natural convection, the Raleigh number is:
In the simulation, Boussinesq approximation applied to the buoyancy force term, as in [33] :
The external magnetic field only influences the force term, where new parameter added to the buoyancy force term as:
where A is the adjustable coefficient, θ is the magnetic field orientation, β is the thermal expansion coefficient, and g is the gravitational acceleration. The convergence criterion is that the relative changes of the variables between two successive iterations are less than 10 −6 %. We have applied the Large Eddy Simulation model in the LBM, with the total viscosity affecting the relaxation time. The effect of the magnetic field was shown only in the force term, which is added to the collision process and investigated for Ha 0 to 90 at 10 7 < Ra <10 9 for turbulent flow using 2 % Al 2 O 3 -water nanofluid at Re 200.
RESULTS AND DISCUSSION
The effects of the dimensionless slip coefficient on Nu along the microtube wall are shown in Figs. 3 to 5 at Ra = 10 4 , Re = 200 and B = 0.005 to 0.02 for φ = 0 % to 2 %. Nu has the largest value at the entrance with axial distance 0.25-microtube length and then starts to decrease and Nu increase with φ. We have observed that the increase of solid concentration leads to the enhancement of heat transfer; such enhancements are due to the increase of the effective thermal conductivity with the increase of solid volume fractions of nanoparticles. Significant values of temperature jump were observed, especially around the entrance region, and have the greatest temperature gradient near the wall. Observations show that a larger dimensionless slip coefficient corresponds to larger slip velocity as well as temperature jump on the walls, especially at the entrance region. With a larger dimensionless slip coefficient, the temperature gradient decreases compared to places where the dimensionless slip coefficient is smaller; consequently, Nu will have a lower value. The temperature gradient between the nanofluid particles on the wall and their neighbouring ones adjacent to the wall decreases with a larger dimensionless slip coefficient, and as a result, Nu would have the lesser value of recent cases. Thus, Nu results obtained near the walls have higher accuracy if we consider the temperature jump. Further, the decrease in Nu is a result of the augmented thermal energy transfer from the wall to the fluid. The nanoparticles hit the wall, absorb thermal energy, reduce the wall temperature, and mix back with the bulk of the fluid. Since the inclusion of nanoparticles enhances the effective thermal conductivity of the nanofluid, the decrease in the Nu is more remarkable where the conduction regime prevails (Ra 10 4 ). Thus, the Nu decreases by increasing x, regardless of the volume concentration. Most of the previous reports ignored the temperature jump [18] , [34] and [35] except [36] .
Decreasing the values of slip coefficient increases the wall slip velocity, temperature jump values, convective heat transfer coefficient; consequently, the Nu at each axial position as well as for all volume fractions of nanofluid. In the present study, thermal enhancement up to 30 % to 32 % could be achieved by decreasing the slip coefficient with the increase of the volume fraction from 0% to 2%. This finding is in agreement with the results of [36] . In low Re number laminar forced convection flows (Re = 1 to 10), the Brownian force has a significant effect on flow and heat transfer characteristics, thermophoresis may be neglected, and Nu and convection heat transfer coefficient significantly increase [37] . We have captured the maximum Nu based on the bulk mean nanofluid thermal conductivity when the ratio of Brownian and thermophoretic diffusivities is 0.5, which can be useful for designing nanoparticles for high-energy carriers [37] .
We have presented Nu at the outlet with different values of φ, Ra at 10 3 to 10 6 and Re 200 in Fig. 6 , which indicates the effect of using nanofluid volume fractions and Ra to increase the heat transfer rate. When the Ra is larger than 10 5 , the Nu near the heated wall decreases significantly. For a fixed Ra, solid volume fractions can affect the enhancement of heat transfer. By adding 2 % Al 2 O 3 nanoparticles by volume, the Nu increases about 17 % at Ra = 10 4 from 10 3 , a slight decline of enhancement to 8 % at Ra = 10 5 (but with the highest value of 18.95), but decreases significantly to 33 % when Ra increases to 10 6 . This means that there is a critical value of Ra of Al 2 O 3 -water nanofluid for the performance of heat transfer enhancement in terms of the Nu and identified as 10 5 in this study. We have observed the suppression of the fluid velocity and hydrodynamic boundary layer thickness owing to the retarding effect of increased Lorenz force, by imposing the magnetic field in terms of increasing Ha at low Ra from 10 3 to 10 4 . The intensity of convection weakens significantly, and the domination of the conduction mode of heat transfer makes the isotherms parallel to each other and maximizes stream function value. The Ra compares buoyancy forces to viscous forces. For lower Ra, viscous forces dominate over buoyancy forces to maintain the conduction regime with small and stable disturbances in the fluid and negligible thermosolutal convection effects on macrosegregation. As conduction is the dominant mechanism alone up to Ra 10 4 , Nu is minimum compared to that at Ra 10 5 . As the Ra increases up to 10 5 , the role of the convection in heat transfer becomes more significant. Consequently, the thermal boundary layer thickness becomes thinner. A rise in velocity gradients leads to a shear stress augmentation at the walls, enhancing the pressure drop. The slip velocity has an increasing trend with the velocity gradient. Thus, momentum closer to the walls enhances and leads to a rise in the convective heat transfer compared to lower Ra. There is a critical Rayleigh number for heat transfer enhancement of applying nanofluids; beyond the critical value, the enhancement rate will be reduced. At critical Ra, the thermal diffusivity is high, and heat moves rapidly through it by conduction relative to its volumetric heat capacity. We have obtained the maximum value of Nu at Ra 10 5 compared to higher Ra. The transition from conduction to convection mode of heat transfer change is noticed at Ra 10 5 and saturation happens at this Ra, which corresponds to critical Ra. A similar conclusion was obtained in [29] .
The mutual effects of the buoyancy and inertia determine flow inside a microtube. These forces run parallel to each other; their directions are opposite for positive values of mixed convective parameters. At Ra of 10 6 , a similar flow pattern as at Ra 10 5 is observed, but with a greater thermal gradient. The increase in mixed convective parameter intensifies the buoyancy force, which leads to a rise of the momentum near the walls and due to a constant mass flow rate inside the microtube, the velocity in the core region reduces. An increase in mixed convective parameter also reduces the absolute amplitude of the concentration profile in the core region and enhances the concentration near the walls. Above a critical Ra, buoyancy forces become important, disturbances grow, and a dominant convection regime is established. Here, the effects of thermosolutal convection on macro segregation become significant. The momentum in the core region moves toward the walls, so does the nanoparticle concentration. Hence, the near wall velocity gradients increase with increasing Ha, enhancing the slip velocity. An upward trend of the velocity at the wall and a reversed behaviour for that in the core region of the microtube, with increasing mixed convective parameter is established. This causes the temperature near the heated wall to decrease significantly. For Ra 10 6 , Nu decreases in comparison to Ra 10 5 . The existence of a critical Ra value of 10 5 for the performance of heat transfer enhancement in terms of the normalized average Nu has been reported [37] and [38] in an enclosure filled with Al 2 O 3 -water nanofluid.
Using 1% of Alumina nanoparticles leads to an increase of almost 32% of outlet Nu at Ra = 10 5 . This increase would be over 34 % for using 4 % of Alumina-water nanofluid. Similar conclusions were already reported [30] and [38] . However, we have observed the effect of volume fractions more pronounced than slip coefficient. Flow behaviours and the average rate of heat transfer in terms of the Nu as well as the thermal conductivity of nanofluid is effectively changed with the particle volume fraction and particle diameter with a fixed Ra [39] . The mean Nu increased with increase in Ra [40] . The flow and heat transfer characteristics of Al 2 O 3 -water nanofluid in the square cavity are more sensitive to viscosity than to thermal conductivity [41] .
The impact of the nanoparticle volume fraction on Nu is small when 10 4 < Ra > 10 5 and negligible at all other Ra values of the investigation (Fig. 6 ). This indicates that there exist a critical Ra, at which the impact of nanoparticle volume fraction on Nu becomes small, and negligible when Ra is below and above this critical Ra. The profiles of Nu x for Ra values 10 3 to 10 6 along the microtube wall at Re 200 and B = 0.005 for φ = 0.02 is given in Fig. 7 . Nu x has larger values at the entrance and then start to decrease asymptotically along the walls and approach constant values for all Ra values. As Ra increases from 10 3 to 10 4 , Nu x increases significantly, then at Ra 10 5 , the enhancement decreases and at Ra 10 6 , Nu x values decreases to a minimum and lower than those at Ra 10 3 . Hence, Ra 10 5 is the critical Ra that determines the impact of nanoparticle volume fraction on Nu at a constant Re and dimensionless slip coefficient. Therefore, the local mean temperature in the perpendicular sector is lower than the bulk temperature. The electric current pattern established near the edges between the Hartmann walls and the isothermal walls, which combined with the imposed magnetic field, assists the buoyant flow and contrast the viscous forces exerted by the walls. Only for Ha > 10 did the decelerating effects of the Lorentz forces near the central regions of the walls become dominant and both peak velocities and Nu decreased with Ha. The experimental result of the heat transfer presented the singularity that Nu rises in a weak magnetic flux density, though it decreases with increasing magnetic flux density as a whole trend [42] . Tagawa and Ozoe [43] found that a weak magnetic field (Ha 100 to 200) slightly enhanced heat transfer, causing the average Nu to increase by 5 % to 7 %, and to enhance the peak velocity attained near the hot and cold walls. Tagawa and Ozoe [44] also confirmed the moderate increase in heat transfer for Ha 100 to 200 in liquid gallium at Ra 10 6 . Ha = 10 and Ra = 10 5 were the best combination with an enhancement up to 3 % Nu.
The critical values for the Ra and magnetic field orientation, at which the impacts of the solid volume fraction and magnetic field effects are the most pronounced are reported [30] . The present study is in partial agreement with the finding that when the external magnetic field strength is increased, the average flow drag rises as does the average heat transfer rate [12] . In addition, for smaller nanoparticles, as magnetic field strength intensifies, the peak of the velocity profile near the walls is increased and that at the core region it is decreasing with the enhanced heat transfer rate [10] . The advantage of nanofluids in heat transfer enhancement in the presence of a magnetic field is reported [44] . As the magnetic field strength intensifies, the peak velocity profile near the walls is increased, and the peak velocity profile in the core region is decreased [10] .
When the magnetic field is strengthened (higher Ha), so does the retarding force, while the peak of the velocity profile in the core region decreases and the velocity profile becomes uniform. The momentum in the core region moves toward the walls, near wall velocity gradients increase, enhancing the slip velocity. The fluid temperature also increases in the fluid due to the additional heating owing to the resistance of fluid flow. These result in an increase in heat transfer rate inside the microtube. The stronger the magnetic field strength, particle-particle and particle-wall interaction will be greater leading to greater clogging in the microtube and greater pressure required to move the fluid through the microtube. The effect is greater closer to the inlet.
However, when the flow strength reaches a certain level (Re 2500), the pressure needed to move the fluid through the microtube will reach a saturation value with respect to the corresponding value of Nu (Fig 9) . Nu and the pressure drop increases consecutively with Re, with highest Nu enhancement of 610 % at Re 4000 using 2 % Al 2 O 3 -water nanofluid in comparison to that at Re 200 using water (Figs. 9 and 10). The application of nanofluids for low Re seems to be highly beneficial in comparison to higher Re. The pressure drop shows a similar enhancement in magnitude only. The average Nu increases with an increase in Re and nanofluid volume concentration as well as a decrease in nanoparticle size [45] and [46] . The enhancement of heat transfer is reported to be around 22 % using the 1 % Al 2 O 3 -water nanofluid compared to the water and has a higher friction factor than water does [47] . 
VALIDATION AND GRID INDEPENDENCE
We have conducted mesh testing to ensure grid independence. Calculations of different mesh cases were carried out in 2 % Al 2 O 3 -water nanofluid of Ra = 10 6 , B = 0.005 and Re = 50. Having studied grid independence to evaluate the heat transfer of nanofluid in the microtube in terms of the average Nu as shown in Table 1 , the grid independence was ensured, and a lattice with 800×14 nodes found appropriate for the next computations. The dependency of the grid on a microtube is performed and shows an excellent agreement between the Nu results in the Re range relevant for the present study (200 to 4000). The y + values are much smaller than 1 (0.054, 0.063, and 0.051, respectively). For a laminar flow, the results match very well with each other, under the condition that y + ≤ 1 recommended for high accuracy. For the 900 × 14 mesh, y + > 1 is observed for Re around 50000. Around this Reynolds number, the Nu starts diverging from the expected solution and leads to increasingly wrong results, strongly underestimating Nu. The same effect appears for the 800×14 mesh for Re > 41000. The 800×16 mesh shows good agreement with the Nu results until Re > 52000.
For further validation, we have compared the proposed LBM for incompressible fluid simulation results with the experimental results of [48] . Fig. 10 shows that the comparisons are in excellent agreement with the maximum deviation of less than 6 %. Fig. 11 shows the dimensionless velocity profiles, at different φ = 0 to 0.04 along the microtube wall at x = 0.2 L for B = 0.005 and y = 0 to 1. The fully developed velocity condition is observed after a short entrance length of x = 0.03 L. The slip coefficient leads to generate the slip velocity at Y = 0 and Y = 1 which is well obvious in Fig. 11 . However, it has the maximum value at the entrance and then decreases along the microtube. In contrary of usual macro scale flows in tubes, the maximum value of velocity (1.48) is less than 1.5 in a fully developed region due to slip velocity on the walls. It can be seen from the figure that with the increase in volume fraction, the velocity curves become closer to the y-axis. The velocity curve becomes shrunk compared with the pure fluid. It is observed that the increase of solid concentration leads to enhanced effective thermal conductivity and the decrease of velocity. Fig. 12 shows the dimensionless temperature profiles along the microtube wall at x = 0.2 L for B = 0.005 and φ = 0.02 as a function of y. The minimum value of nanofluid temperature (1.99) is less than 2 in the fully developed region due to temperature jump. Fig. 12 represents the temperature jump generated. However, there is a very small value of the temperature jump in the fully developed region. Heat transfer augmentation takes place at Ra 10 7 to 10 9 by Ha 0 to 10, while it commences dropping from Ha 30 to 90. Similar heat transfer enhancement of a magnetic field at Ha 25 and retarding effect from Ha 25 to 100 at the Ra 10 7 and 10 9 in a square cavity was reported [49] . For Ha = 0 and 10, the isotherms pattern is like a plume, indicating strong convection as expected, since Ra is higher than 10 5 . In the absence of a magnetic field (Ha = 0), the isoconcentration curves are symmetric and almost uniformly distributed in the entire enclosure. However, the isoconcentration curves become asymmetric in the presence of a magnetic field. An increased Hartmann number, i.e. a stronger magnetic field, diminishes the flow strength within the cavity. The magnetic susceptibility due to the applied magnetic field over a moving fluid creates a Lorentz force that has the tendency to oppose the flow; consequently, streamlines weaken inside the cavity. Thus, when Ha is increased to 30, it is found that the vortices are no more symmetric. This occurs due to the presence of magnetic field, which gives rise to the Lorentz force and tries to retard the convection. When Ha is increased to 60 and 90, isotherms are almost parallel that is Hartmann number acts against convection inside the cavity. Increasing Ha further (Ha = 90) reduces the strength of the vortex, and the eyes of the vortices are shifted to the bottom region of the cavity.
CONCLUSIONS
The present paper investigates the magnetic field applied to forced convection laminar and turbulent heat transfer in a microtube filled with Al 2 O 3 -water nanofluid. This has been simulated by MATLAB based LBM-BGK method. The effects of Re, Ra, nanoparticle volume fraction, Ha, slip coefficient and axial distance on the characteristics of flow and heat transfer have been examined. The major findings of this paper are:
• The Nu and pressure drop increase with the Re.
However, the application of nanofluids for low Re seems to be highly beneficial in comparison to higher Re.
• The increase of volume fraction of Al 2 O 3 nanoparticles in water enhances the heat transfer in the microtube at various Ra. However, there is a critical Ra for heat transfer enhancement while using nanofluids, beyond which the enhancement rate will be reduced. The heat transfer of nanofluid increases with the increase of Ha for a fixed Ra and nanoparticle volume fraction up to a lower Ha and thereafter the heat transfer decreases. A critical lower Ra pronounces the effect of Ha.
• The larger value of slip coefficient corresponds to a higher temperature jump and lower heat transfer. Nanofluid with 2 % volume fraction at low values of slip coefficient can increase heat transfer in a microtube. However, the effect of volume fractions more pronounced compared to slip coefficient.
• The impact of nanoparticle volume fraction on
Nu is small when 10 4 < Ra >10 5 Weighting factor, [-] 
